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~ THE MOVEMENT OF PARTICLES SUSPENDED I N  FLUIDS AT REST 

W H I C H  I S  POSTULATED BY THE M O L E C U L A R - K I N E T I C  THEORY OF HEAT 
i 

i I .  
1 

::Ai E i n s t e i n  I 
I ABSTRACT: Bodies s u s p e n d e d  i n  f l u ids  move so as to b e  v i s i b l e  

. I  

u n d e r  t h e  microscope i f  they 'are  large enough. T h e  magnitude 

i s  calculated.  
_I -. of t h i s  heat-induced movement, not y e t  experimentally observed, 

.- 

I /549" 
'7 . 

--- theory of  hea t ,  bodies of microscopically v i s i b l e  s i ze  suspended i n  f lu ids  must, 
i n  consequence of t he  molecular movement of hea t ,  execute movements o f  such mag- 
nitude t h a t  those movements can eas i ly  be detected with a microscope. I t  i s  
.possible t h a t  the movements t o  be dea l t  with here are iden t i ca l  with the  so- 
ca l led  !'Brownian molecular movement"; the  da ta  avai lable  t o  me concerning the  
la t te r  i s  so  imprecise, however, t h a t  I was unable t o  form any judgment about i t .  

If t he  movement t o  be  t r ea t ed  here ,  together  with t h e  conformity t o  law 
expected of it ac tua l ly  can be observed, then classical thermodynamics even f o r  
microscopically dis t inguishable  spaces are no longer t o  be regarded a s  p rec ise ly  
va l id  and an exact determination of  t r u e  atomic s i z e  i s  then possible.  If con- 
versely,  the  predict ion of t h a t  movement were t o  prove t o  be incor rec t ,  a grave 
argument against  t h e  molecular-kinetic conception of hea t  would thereby be  a 
r e a l i t y .  

9 1 .  

Let z moles of a nonelectrolyte be dissolved i n  p a r t i a l  volume V* of a 

In t h i s  paper it i s  t o  be  shown t h a t  i n  accordance with the  molecdlar-kinetic 

T h e  Osmotic Pressure Ascribable to Suspended Pa r t i c l e s  

f l u i d  of t o t a l  volume V. If volume V* is separated from t h e  pure solvent  by a 
wall permeable t o  the  solvent  bu t  no t  t o  the dissolved substance, then t h a t  wa11/550 - 
is acted upon by so-cal led osmotic pressure which, i n  the  case of s u f f i c i e n t l y  
large values for V*/z, satisfies the following equation: 

- -- -- -- 
' p P d d l z .  I 
! i ---- -. _._ 

If, on the  other  hand, small suspended bodies are present i n  p a r t i a l  volume 
V* of t he  f l u i d  instead of the dissolved substance, bodies which likewise cannot ' 

pass through the wall permeable t o  the  solvent,  then, according t o  the  classical 
theory of thermodynamics--at least when neglecting the  grav i ta t ion  of no i n t e r e s t  
t o  us here--one does not have t o  expect t h a t  a force i s  ac t ing  on the  wall. That 



K--.."...-..--.-..-"-.--- _l_l -_-_--___ 
JS because, according t o  the  usual conception, t he  "free energy" of  the system 
jdoes not seem t o  depend upon t h e  pos i t ion  of the  wall and the  suspended bodies 
.but only on t h e  t o t a l  masses and q u a l i t i e s  of t he  suspended substance, the 
f l u i d  and the  w a l l ,  as w e l l  as upon pressure and temperature. To be sure ,  

5 energy and entropy of  the  boundary surfaces (capi l la ry  forces) would s t i l l  be 
taken i n t o  consideration f o r  computing the free energy. We can neglect  them, 
however, as changes i n  s i z e  and nature of the contact surfaces  may not occur 
i n  the  case of t h e  pos i t iona l  changes of t he  w a l l  and of  the  suspended bodies 

1 

1 

t 

. 

o be considered. 
1 '  
- I I - .  

5 - 
comes t o  another conception. 
d i f f e r s  from a suspended body so le ly  due t o  size, and one does see why a number 
of suspended bodies should not  be corresponded t o  by the  same osmotic pressure 

~ as t h e  iden t i ca l  number of dissolved molecules. One w i l l  have t o  assume t h a t ,  , 
i n  consequence of t he  molecular movement of the f l u i d ,  the suspended bodies exe- 
cute a disordered movement i n  the  f l u i d ,  a l b e i t  a very slow one. 
prevented by the wall from leaving volume V*, they w i l l  exer t  forces on the  wall ,  
just l i k e  dissolved molecules. Thus, i f  n suspended bodies are present i n  volume 
V*, i .e . ,  n/V* = v per  u n i t  of  volume, and i f  neighboring ones among them are  
s u f f i c i e n t l y  f a r  removed from one another, there  w i l l  be  a cor re la t ion  t o  them 
on the  pa r t  of an osmotic pressure p of the following magnitude: 

From the standpoint of t he  molecular-kinetic theory of hea t ,  however, one 
According t o  t h a t  theory,  a dissolved molecule 

If they are 

- - - -  - 

In t h i s ,  N denotes the  number of actual  molecules contained i n  a mole. In the  
next sec t ion  it i s  t o  be shown t h a t  t h e  molecular-kinetic theory of heat  r e a l l y  
leads t.0 tha t  enlarged conception of osmotic pressure.  

12. Osmotic Pressure from t h e  Standpoint o f  t h e  Molecular-Kinetic Theory of Heat' 

If PI'  P2 pz are  s ta te  var iables  of a physical system which determine 

pe r fec t ly  the  momentary s ta te  of same (e.g. the  coordinates and ve loc i ty  compon- 
ents of a l l  atoms i n  the system), and i f  the complete sys.tem o f  var ia t ion  equa- 
t i ons  of those s ta te  var iables  of the form 

__.__ - - - -  - 

. -- - y v ( p r . ,  . p J ( i  = I, 2 . . . I )  
- a t . .  

r -- _. - __ -- - ---- 

___---- - .- - - . -- - - - - __ __ 

of thermodynamics a re  familiar (cf. An. d Phys. 9, p. 417, 1902; 11, p. 170, 
-1903). 
present paper, can be dispensed with f o r  an appreciation of t he  results of the  &' 

An acquaintance with those papers, as w e l l  as with t h i s  sec t ion  of  t he  

I- 

- /- - -  2 
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then t h e  entropy of t he  sy  

a function of p 

of p', compatible with the  postulates  of the problem. 

aforementioned constant N through the r e l a t ion  2 K N = R. 
theref  ore,  w e  obtain 

The i n t e g r a l  is  t o  be extended over a l l  

K i s  
V' 

- -  

value comb i n a t  ions 

connected with the  

For free energy F, 

We can imagine a f l u i d  enclosed i n  .volume V; i n  p a r t i a l  volume V* of  V l e t  /552 
there be n dissolved molecules, or suspended bodies,  which are held i n  volume V* 
by a semipermeable w a l l ;  l e t  the  in tegra t ion  l i m i t s  of in tegra l  B occurring i h  
the  expressions f o r  S and F be  influenced thereby. Let t h e  t o t a l  volume of the 
dissolved molecules, o r  suspended bodies, be small as opposed t o  V*. 
with the  aforementioned theory, l e t  t h i s  system be completely represented by 
state var iables  pl., .pz. 

If, now, even the molecular p ic ture  were establ ished down t o  a l l  d e t a i l s ,  
the  evaluation of i n t e g r a l  B would nevertheless present such d i f f i c u l t i e s  t h a t  
there could scarcely be any thought of an exact computation 0.f F.  Here, however, 
we only need t o  know how F depends upon the  magnitude of volume V*, i n  which a l l  
dissolved molecules, or suspended bodies (cal led Ipar t ic les"  f o r  sho r t  below), 
are contained. 

In  l i ne  

We call xl, yl, z the  rectangular coordinates of the center of mass of the 1 
first particle, x2, y2,' z those of the second, etc. ,  in, yn, z 

last p a r t i c l e ,  and give f o r  the  centers of mass of  t he  pa r t i c l e s  t he  i n f i n i t e l y  
small parallelepiped-shaped domains d %dyldz 1, dxjdy2dz2. . . d x dy dz 

which l e t  be  s i t u a t e d  i n  V*. 
occurring i n  t h e  expression f o r  F, with t h e  r e s t r i c t i o n  t h a t  the  p a r t i c l e  centers 
of mass l i e  i n  the  domain j u s t  assigned t o  them. That i n t eg ra l ,  can i n  any case, 

those of the 2 n 

a1 1 of n n n' 
Let there  be sbught t he  value of the  i n t e g r a l  

brought t o  the  form 
- - ~  -- - - I ___ - - __ .- - 

5: dxl dy1 . . . dz,. J . 
-- -.- - - _ -  t.. - 

i n  which J is independent of dx dy etc., as well as of V*, i.e., of t h e  pos i t ion  1 1  
eable w a l l .  J is , a l so  independent of t he  spec ia l  choice 

3 - - -  * - .  
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1' 
dx' ndylndz I n ,  which domains may d i f f e r  from those or ig ina l ly  

If, namely, there  be  given a second system of  i n f i n i t e l y  
1 

a l l  domains f o r  the p a r t i c l e  centers of m a s s  and denoted by dx'ldy'ldz' 
7 -  - --,* - - __ ,_  

5 en only due t o  t h e i r  pos i t ion  but  not t h e i r  magnitude, and a l l  of 
ewise contained i n  V*, then, analogously. I 

- - . -  

, .. 
.~ 
. .._ 

From the  molecular theory of heat  given i n  t h e  papers c i ted ,  however, it 
cannot be e a s i l y  concludedl t h a t  dB/B o r  dB'/B is  equal t o  the probabi l i ty  tha t ,  
a t  a poin t  of time taken a r b i t r a r i l y ,  the p a r t i c l e  centers of mass are i n  the 
domains (dxl.. .dz ) o r  i n  the domains (d,x' . . .dz' ) . If ,- then, the movements n '. 1 n 
of the  individual  p a r t i c l e s  a re  (with s u f f i c i e n t  approximation) independent of 
one another, t he  f l u i d  homogeneous and no forces are act ing upon t h e  p a r t i c l e s ,  
then, given equal magnitude of t he  domains, the  p robab i l i t i e s  proper t o  the  two 
domain systems must be equal t o  one another, with the result t h a t  

d B  d P .  
B ---' B 

..- - -  _. - _- .. 

-- . -- * 

' appl ies .  From t h i s  and from t h e  last  found equation, however, it follows t h a t  
- - . - ' /  ': JE J'. 

- _ _  . -  .- 

It is thus shown t h a t  J depends upon ne i the r  V* nor x ,y Through 1 l*** 'n .  in tegra t ion  one obtains 

- - . .  
and, from t h a t ,  - -  - . - ~ - - 

R I' 
N P- - --[IgJ+ nlg 7") 

... - 
__ ___c__ _.__ --- - 

It has been shown through t h i s  analysis t h a t  t he  existence of osmotic pres- 
sure i s  a consequence of  .the molecular-kinetic theo .7  of hea t ,  and tha t ,  i n  ac- 
cordance with t h a t  theory, dissolved molecules and suspended bodies of  an equal 1 
number behave pe r fec t ly  a l ike  with respect  t o  osmotic pressure i n  the  case of - 
-great d i l u t i  on. 

*& 
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§3. Theory o f  D i f f u s i o n  of Small Suspended Spheres 

Let suspended p a r t i c l e s  be i r r egu la r ly  d is t r ibu ted  i n  a f lu id .  We in-  
tend t o  inves t iga te  the  dynamic s ta te  of equilibrium of those p a r t i c l e s ,  on 
.the premise t h a t  t h e  individual p a r t i c l e s  are  acted upon by a force K which 
depends upon place but  not  upon time. For t he  sake of  s implici ty ,  l e t  it be 
assumed t h a t  t he  force everywhere has the  d i rec t ion  of the  X-axis. 

- 

Let v be the  number of  suspended p a r t i c l e s  pe r  un i t  of volume; thus,  i n  
-c t he  case of thermodynamic equilibrium, u - i s  such a function of x t h a t  t he  

var ia t ion  of f r e e  energy vanishes f o r  any v i r t u a l  displacement 6x of t h e  
. suspended substance. Thus, one has 

- -  

. JP= 8 3 -  T 0. - -  
Let it be assum'ed t h a t  the  f l u i d  has the  cross sect ion 1 perpendicular t o  the  
X-axis and i s  bounded by planes x = 0 and x = 2. One then has 

-- 
or 

.- . . .  . .  
. .' . . - .  .. -. - .  _ -  

The last equation asserts t h a t  equilibrium is afforded t o  force K by osmotic 
pressure forces.  

We employ equation (1) i n  order t o  determine the  diffusion coef f ic ien t  

j u s t  considered as t h e  superposit ion of two processes running inverse ly , , to  
of t h e  suspended substance. We can in t e rp re t  t h e  dynamic e q u i l i b r i w  state /555 - 

I w i t :  

h 1. a movement of  t he  suspended substance under t h e  effect of force K 
a1 suspended p a r t i c l e ,  

_ _  

5 _- 
- I  

- -  . 



= --_ 
L, 

p a r t i c l e s  pass,through the  cross-sectional un i t  per  un i t  of t i m e .  

If, furthermore, D denotes the  diffusion coef f ic ien t  of t h e  suspended 
.substance and 1-1 t he  mass of a p a r t i c l e ,  then, due t o  diffusion,  

~ .. 

or 

. . . ,_ - . . _." 

. ._ 

p a r t i c l e s  pass 
equilibrium is  

~ ... 
I" 

.- 

through the  cross-sectional un i t  pe r  time uni t .  
t o  preva i l ,  there  must be: 

Since dynamic 
I 

. '  

(? 1 

From the  two conditions (1) and (2) found f o r  dynamic equilibrium, one 
can compute the  d i f fus ion  coef f ic ien t .  One obtains:  

RT 1' . B=-.-- .  N 6 n k P  - _  

i f fu s ion  coef f ic ien t  of t h e  s 
sal  constants and absolute t e  

d substance dep 
re  -- only upon 
e suspended p 
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S4. T h e  Disordered Movement of Par t ic les  Suspended i n  a F l u i d  and 
Their Relation t o  Diffusion 

We now pass over t o  inves t iga t ing  more prec ise ly  the  disordered movements 
which, caused by t h e  molecular movement of heat ,  give r ise t o  the  diffusion 
invest igated i n  the  last sect ion.  

It must manifestly be assumed t h a t  .each individual p a r t i c l e  executes a 
movement which i s  independent of t he  movement of a l l  other  pa r t i c l e s ;  a l so ,  
the  movements of one and the  same p a r t i c l e  i n  various time in te rva ls  w i l l  
have t o  be understood as actions independent of one another, so long as we 
do not imagine those t i m e  i n t e rva l s  as selected too small. 

' Let us now introduce i n t o  the  study a time in t e rva l  T which i s  very 
small compared t o  observable time in t e rva l s  but  s t i l l  s o  large t h a t  the  
movements executed by a p a r t i c l e  i n  two successive time in t e rva l s  T a re  t o  
be understood as occurrences independent of one another. 

Now l e t  n suspended p a r t i c l e s  be present i n  a f l u i d  as  a whole. 
time in t e rva l  T t he  X-coordinates of t he  individual p a r t i c l e s  w i l l  be en- 
larged by A ,  whereby A has a d i f f e ren t  (posi t ive o r  negative) value f o r  each 
particle. 
pa r t i c l e s  which experience i n  time in t e rva l  T a displacement lying between 
A and A + dA w i l l  be expressible through an equation of t he  form 

In a 

A ce r t a in  frequency l a w  w i l l  apply t o  A ;  the  number dn of t he  

__ - I -  

dn= ntp(A)dA -_ 
whereby 

im .  . 
. .  . Jy(d]d .d  = 1 

, -  
. -Q) . _ -  

and d i s  d i f f e ren t  from zero only f o r  very small values of A and f u l f i l l s  
t he  condition . 

Cp(4 5: c p ( - 4 ,  
-. --  

/557 We w i l l  now inves t iga te  how the  diffusion coef f ic ien t  depends upon v ,  - 
again r e s t r i c t i n g  ourselves t o  the  case t h a t  t he  number v of  p a r t i c l e s  per  
un i t  of volume depends only upon x and t. 

~ L e t  v = f ( x , t )  be the  number of p a r t i c l e s  per  un i t  of volume; w e  compute 
the  d i s t r ibu t ion  of p a r t i c l e s  at  time t + T from t h e i r  d i s t r ibu t ion  a t  time t. 
From the  def in i t ion  of function v(A) ,  there  is e a s i l y  derived the  number of 
p a r t i c l e s  which a t  time t + T a re  s i t u a t e d  between two planes =- with 
abscissas x and x + dx -- perpendicular t o  the  X-axis. 

' 

One obtains 
A=+m . 

i- A)y(d)cZL:. 
~. "". - 

A=+m . 
f(%t + r )dx  = d r .  ff(r i- A)y(d)cZL:. 

~. 

. _ -  , .  

7 ._ _" .. . .  
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Sinne T i s  very small, however, we can now set 7 
__ 

‘2 
a f  

. - - -  

f ( Z , t + z ) = f ( 2 ; t ) + = ~ ~ .  
- _ _ .  

. , Furthermore, w e  expand f(x + A , t )  by powers of A:  

- -  _.-.  - .  -. -- - - _- . .  

a fez, t) AT . a 9  f(z, t )  : 
f ( x  + A, t) = f ( x ,  t) + -- +-------- ..... t o  i n f i n i t y  

a x  Z !  8x2 

e can undertake t h i s  expansion below the  i n  
mall values of A contr ibute  something t o  s a i d  i n t  

__ _ _ _  - 
I__ -._-. - - .  - _ _  

r - .  

. ._ 

In the  r i g h t  member t h e  second, fourth,  e t c .  term vanishes on account of 
~ ( x )  = ‘P(-x), whereas, of t he  f i rs t ,  t h i r d ,  f i f t h ,  etc. term, each succes- 
s ive  one is very small as opposed t o  t h e  preceding one. We obtain from t h i s  

‘ equation, taking i n t o  account t h a t  

. . .  
, . ,  .-I , .  

s 

/ 5 5 8  - and s e t t i n g  
_I. 

- ”. 
_ -  - ._ 
i” I -a 

_. 

and taking only the  first and t h i r d  term .of the  , r i g h t  member i n t o  account: 

a f  a?f 
a t  a D 

-< - . __- == ---- . 
~ - -,-t 

._  

’-- 

nizes  that I) i s  the  coef f ic ien t  of diffusion. 
This is t h e  familiar d i f f e r e n t i a l  equation f o r  diffusion,  and one recog- 

- -  

Another important consideration can be joined t o  t h i s  development. We 
the  individual  p a r t i c l e s  are a l l  r e l a t i v e  t o  the  same co- 
That is  not necessary, however, inasmuch as the  movements 

We now want t o  

r 

have assumed t 
ordinate  sys t e  (r 

es are independ t of one another. 
coordinate system whose or ig in  co- 
mass of  t he  t i c l e  concerned 

L 

- 
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at time t = 0, with the  difference tha t  now f(x,t)dx denotes t h e  number of 
p a r t i c l e s  whose X-coordinates [sic] has grown from time t = 0 t o  time t = t 
by a magnitude which l ies  between x and x + dx. In t h i s  case, too, function 
f thus changes i n  accordance with equation (1). Furthermore, f o r  x 2 .O and 
t = 0, there  must manifestly be 

. I.. 
- -  

and '. j-f(t, 1) E t  = n 
-dD 

The problem, which coincides with the  proble i  of diffusion from one point 
(neglecting the  in te rac t ion  of t he  d i f fus ing  p a r t i c l e s ) ,  is now determined 

. t o  perfect ion mathematically: i t s  solut ion is: 
....I 

, _ .  1 

' 3  

. ..- The frequency d i s t r ibu t ion  of the pos i t iona l  changes occurring i n  an 
a rb i t r a ry  time t i s  thus t h e  same as tha t  of the  accidental  e r ro r s ,  which 
was t o  be suspected. 
e.xponent is  connected with the  diffusion coef f ic ien t .  
t h a t  equation, we compute displacement X 
a p a r t i c l e  experiences on the  average, o r  -- expressed more prec ise ly  -- 
t he  root  of t he  ar i thmetic  mean of the squares of  the displacements i n  the  

/555 - 
O f  s ignif icance,  however, i s  how the  constant i n  the  

Now, with t h e  help of 
i n  the  d i rec t ion  of t he  X-axis t h a t  

X 

_ _  , d i r e c t i o n  of  the  X-axis; i t  i s  
- _ _  - I _  . . "  - -  1 . -  _ _  

. -_ - . -  
. .  

-- A* = 1J,c;d-= 1 2  r-<- D 1 ,  - - - __ . -. -- - -- - - 
- -_ 

- _  

of the  time. 
squares of  the  t o t a l  displacements of the  p a r t i c l e s  has value Ax-&. 

The mean displacement i s ,  therefore ,  proportional t o  the  square root  
One can e a s i l y  show t h a t  t he  root of t he  mean value f o r  t he  

f lu id :  

-_ 
. I  

_ -  

In  Section 4, 
i s p  1 acement s 

L 

I* 

,-. 95. Formula f o r  the Mean Displacement of Suspended  Par t ic les .  
A New Method fo r  Determining t h e  True Size of t h e  Atoms. 

_- " 
--. 

D of a substance i n  t h e  form o f  small spheres of radius. P suspended i n  a 
In Section 3 w e  found t h e  following value f o r  t he  diffusion coef f ic ien t  

furthermore, we found the  following for t he  mean value of  t he  
of the  p a r t i c l e s  i n  t h e  d i rec t ion  of t he  X-axis i n  time t: 



- .  

By eliminating D, w e  obtain ,> 1 

This equation reveals  how X 

i n  accordance with the  r e s u l t s  of the'kinetic theory of gases; l e t  water of 
17°C be se lec ted  as t h e  f l u i d  (k = 1.35*10-2) and p a r t i c l e  diameter be 
0.001 mm. One obtains 

must depend upon T, k and P. 
X 

23 We intend t o  compute how grea t  X is  for a second i f  N is  set  as 6-10 

II 

- _ .  

A , = . S . ~ O - ~ C I ~ ~ . =  0,s micron. 
-- 

J- Thus, the  mean displacement i n  1 minut . 6 microns. 

/560 Conversely, the  r e l a t i o n  found c m i n e  N. One - 
obtains 

1 

sil 

%II 

May a researcher soon succee i s ed  here which 
. i s  of importance the  theory of heat!  ., 

Berne, May 1905. 
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